In the general relativistic description of gravitation, geometry replaces the concept of force. This is possible because of the universal character of free fall, and would break down in its absence. On the other hand, the teleparallel version of general relativity is a gauge theory for the translation group and, as such, describes the gravitational interaction by a force similar to the Lorentz force of electromagnetism, a non-universal interaction. Relying on this analogy it is shown that, although the geometric description of general relativity necessarily requires the existence of the equivalence principle, the teleparallel gauge approach remains a consistent theory for gravitation in its absence.
Introduction
Gravitation, like the other fundamental interactions of nature, can be described in terms of a gauge theory [1] . In fact, the teleparallel equivalent of general relativity [2] , or teleparallel gravity for short [3, 4] , corresponds to a gauge theory for the translation group. In this approach, the gravitational interaction is described by a force equation [5] similar to the Lorentz force equation of electrodynamics. On the other hand, due to the universality of free fall, it is also possible to describe gravitation not as a force, but as a geometric deformation of flat Minkowski spacetime. According to this point of view a gravitational field produces a curvature in spacetime, and its action on (structureless) particles is described by letting them follow the geodesics of the curved spacetime. This is the approach of general relativity, in which geometry replaces the concept of gravitational force, and the trajectories are determined, not by force equations, but by geodesics. Universality of free fall is then the reason for gravitation to present, in addition to the teleparallel gauge approach, the equivalent geometric description of general relativity. In fact, in order to attribute gravitation to curvature, it is essential that gravitation be universal, or equivalently, that the weak equivalence principle, which establishes the equality of inertial and gravitational masses, be true. Only under these circumstances is it possible to assure that all particles of nature, independently of their internal constitution, feel gravitation the same and, for a given set of initial conditions, follow the same trajectory -a geodesic of the underlying Riemannian spacetime. Now, as is well known, the electromagnetic interaction is not universal, a property consistent with the fact that there is no an electromagnetic equivalence principle. In spite of this, Maxwell's theory, a gauge theory for the unitary group U(1), is able to consistently describe the electromagnetic interaction. Given the analogy between electromagnetism and teleparallel gravity, the question then arises whether the gauge approach of teleparallel gravity would also be able to describe the gravitational interaction in the lack of universality, that is, in the absence of the weak equivalence principle. The basic purpose of this paper is to give an answer to this question. It is important to make it clear that, although there are many controversies related to the equivalence principle [6, 7] , it is not our intention here to question its validity, but simply verify whether the teleparallel description of gravitation requires or not its existence. We begin by reviewing, in the next section, the basic concepts of the teleparallel equivalent of general relativity.
Fundamentals of Teleparallel Gravity
The teleparallel equivalent of general relativity can be understood as a gauge theory of the translation group. According to this theory, to each point of spacetime there is attached a Minkowski tangent space, on which the translation (gauge) group acts. We use the Greek alphabet µ, ν, ρ, . . . = 0, 1, 2, 3 to denote spacetime indices, and the Latin alphabet a, b, c, . . . = 0, 1, 2, 3 to denote anholonomic indices related to the tangent Minkowski spaces, whose metric is chosen to be η ab = diag(+1, −1, −1, −1).
The translational gauge potential B a µ is a 1-form assuming values in the Lie algebra of the translation group, that is,
with P a = ∂ a the generators of infinitesimal translations. This potential appears as the nontrivial part of the tetrad field h a µ , which can then be written in the form
Notice that, whereas the tangent space indices are raised and lowered with the Minkowski metric η ab , the spacetime indices are raised and lowered with the spacetime metric
Now, the above tetrad gives rise to the so called Weitzenböck connection
which introduces the distant parallelism on the four-dimensional spacetime manifold. It is a connection that presents torsion, but no curvature. Its torsion,
as we are going to see, turns out to be related to the translational gauge field strength. The Weitzenböck connection can be decomposed as
where
µν is the Christoffel connection constructed from the spacetime metric g µν , and
is the contortion tensor. It is important to remark that we are considering curvature and torsion as properties of a connection, not of spacetime [8] . Notice, for example, that the Christoffel and the Weitzenböck connections are defined on the same spacetime metric manifold. The Lagrangian of the teleparallel equivalent of general relativity is [5]
is the Lagrangian of a source field, and
is a tensor written in terms of the Weitzenböck connection only. Performing a variation with respect to the gauge potential, we find the teleparallel version of the gravitational field equation [9] ,
is the energy-momentum (pseudo) tensor of the gravitational field, and T λ ρ = T a ρ h a λ is the energy-momentum tensor of the source field, with
A solution of the gravitational field equation (10) is an explicit form of the gravitational gauge potential B a µ .
When the weak equivalence principle is assumed to be true, teleparallel gravity turns out to be equivalent to general relativity. In fact, up to a divergence, the Lagrangian (8) is equivalent to the Einstein-Hilbert Lagrangian of general relativity,
with • R the scalar curvature of the Christoffel connection. Accordingly, the teleparallel field equation (10) is found to coincide with Einstein's equation
where • Rλ ρ is the Ricci curvature of the Christoffel connection. Lets us then see what happens when the weak equivalence principle is assumed not to be true.
Teleparallel Equation of Motion
To begin with, let us consider, in the context of teleparallel gravity, the motion of a spinless particle in a gravitational field B a µ , supposing however that the gravitational mass m g and the inertial mass m i do not coincide. Analogously to the electromagnetic case [10] , the action integral is written in the form
where dσ = (η ab dx a dx b ) 1/2 is the Minkowski tangent-space invariant interval, and u a is the particle four-velocity seen from the tetrad frame, necessarily anholonomic when expressed in terms of the spacetime line element ds [11] . It should be noticed, however, that in terms of the tangent-space line element dσ, it is holonomic, that is (see Appendix)
The first term of the action (15) represents the action of a free particle, and the second the coupling of the particle with the gravitational field. Notice that the separation of the action in these two terms is possible only in a gauge theory, like teleparallel gravity, being not possible in general relativity. Variation of the action (15) yields
is the particle four-velocity, with ds = (g µν dx µ dx ν ) 1/2 the Riemannian spacetime invariant interval. As B a µ is an Abelian gauge potential,
will be the corresponding gravitational field strength. Using Eqs. (2) and (4), we see that 
which vanishes because u a u a = 1. We are then left with
From the invariance of the action, and taking into account the arbitrariness of δx µ , we get
This is the force equation governing the motion of the particle, in which the teleparallel field strength F a µρ plays the role of gravitational force. Similarly to the electromagnetic Lorentz force equation, which depends on the relation e/m i , with e the electric charge of the particle, the gravitational force equation depends explicitly on the relation m g /m i of the particle. When m g = m i , it is easily seen to coincide with the geodesic equation of general relativity.
The above results show that, even in the absence of the weak equivalence principle, teleparallel gravity is able to describe the motion of a particle with m g = m i . The crucial point is to observe that, although the equation of motion depends explicitly on the relation m i /m g of the particle, neither B a µ nor F a ρµ depends on this relation. This means essentially that the teleparallel field equation (10) can be consistently solved for the gravitational potential B a µ , which can then be used to write down the equation of motion (23), independently of the validity or not of the weak equivalence principle. The gauge potential B a µ , therefore, may be considered as the most fundamental field representing gravitation. As we are going to see next, this is not the case of general relativity, in which the gravitational field necessarily depends on the relation m i /m g of the particle, rendering thus the theory inconsistent.
Relation with General Relativity
By using the relation (20), as well as the identity
the force equation (23) can be rewritten in the form
where use has been made also of the relation (6) . Notice that the violation of the weak equivalence principle produces a deviation from the geodesic motion, which is proportional to the difference between the gravitational and inertial masses. Notice furthermore that, due to the assumed non-universality of free fall, there is no a local coordinate system in which the gravitational effects are absent. Now, as already said, when the weak equivalence principle is assumed to be true, the teleparallel field equation (10) is equivalent to the Einstein equation (14) . Accordingly, when m g = m i , the equation of motion (23) reduces to the geodesic equation of general relativity, as can be seen from its equivalent form (25). However, in the absence of the weak equivalence principle, it is not a geodesic equation. This means that the equation of motion (23) does not comply with the geometric description of general relativity, according to which all trajectories must be given by genuine geodesic equations. In order to comply with the foundations of general relativity, it is necessary to incorporate the particle properties into the geometry. This can be achieved by assuming, instead of the tetrad (2) of teleparallel gravity, the new tetrad
which takes into account the characteristic m g /m i of the particle under consideration. This tetrad defines a new spacetime metric tensor
in terms of which the corresponding spacetime invariant interval is
By noticing that in this case the relation between the gravitational field strength and torsion turns out to be
it is an easy task to verify that, for a fixed relation m g /m i , the equation of motion (23) is equivalent to the true geodesic equation
µν is the Christoffel connection of the metricḡ µν . Notice that this equation can also be obtained from the action integral
which is the usual form of the action in the context of general relativity. However, the price for imposing a geodesic equation of motion to describe a nonuniversal interaction is that the gravitational theory becomes inconsistent. In fact, the solution of the corresponding Einstein's field equation
which is not equivalent to any teleparallel field equation, would in this case depend on the relation m g /m i of the test particle, which renders the theory inconsistent in the sense that test particles with different relations m g /m i would require connections with different curvatures to keep all equations of motion given by geodesics. Of course, as a true field, the gravitational field cannot depend on any test particle properties.
Final Remarks
In Einstein's general relativity, which is a theory fundamentally based on the universality of free fall, or equivalently, on the weak equivalence principle, geometry replaces the concept of force in the description of the gravitational interaction. In spite of the fact that, at least at the classical level, it has passed all experimental tests [12] , a possible violation of the weak equivalence principle, among other observable consequences, would lead to the non-universality of free fall, and consequently to the ruin of the general relativity description of gravitation. We notice in passing that the absence of an electromagnetic equivalence principle is the reason why there is no a geometric description, in the sense of general relativity, for the electromagnetic interaction.
On the other hand, as a gauge theory for the translation group, the teleparallel equivalent of general relativity does not describe the gravitational interaction through a geometrization of spacetime, but as a gravitational force quite analogous to the Lorentz force equation of electrodynamics. In the same way Maxwell's gauge theory is able to describe the non-universal electromagnetic interaction, we have shown that teleparallel gravity is also able to describe the gravitational interaction in the absence of universality, remaining in this way a consistent theory for gravitation. In spite of the equivalence between the geometric description of general relativity and the gauge description of teleparallel gravity when the weak equivalence principle is assumed to hold [13] , the latter can be considered as a more fundamental theory in the sense that it has no need of the principle to describe the gravitational interaction. Notice in this connection that the equivalence principle is frequently said to preclude the definition of a local energy-momentum density for the gravitational field [14] . Although this is a true assertion in the context of general relativity, it has already been demonstrated that, in the gauge context of teleparallel gravity, a tensorial expression for the gravitational energy-momentum density is possible [9] , which shows the consistency of our results.
On the strength of our results, we can say that the fundamental field describing gravitation is neither the tetrad nor the metric, but the translational gauge potential B a µ . This point may have important consequences for both classical and quantum gravity. For example, gravitational waves should be interpreted as B waves and not as metric waves as this is not a fundamental, but a derived quantity. For the same reason, the quantization of the gravitational field should be carried out on B a µ and not on the tetrad or on the metric fields. Another important consequence refers to a fundamental problem of quantum gravity, namely, the conceptual difficulty of reconciling local general relativity with non-local quantum mechanics, or equivalently, of reconciling the local character of the equivalence principle with the non-local character of the uncertainty principle [15] . As far as teleparallel gravity can be formulated independently of any equivalence principle, the quantization of the gravitational field may possibly appear much more consistent if considered in the teleparallel approach.
andd σ = γ a dx a .
In the language of differential forms, 
We have now to return from the matrix to the usual form of the interval. This can be achieved by taking the determinant on both sides of Eq. (35). By using that det(ds) = (ds) 4 and det(dσ) = (dσ)
4 ,
we obtain immediately ds ∂ µ x a = dσ h a µ .
Equivalently, we can write
The inverse tetrad is consequently 
Of course, these expressions are valid only along the trajectory of the particle. Notice in addition that, in these forms, the tetrads represent a measure of how much ds and dσ differ from each other. In the absence of gravitation, ds = dσ, and the tetrad becomes trivial.
On the other hand, we know that (see Eq. (18))
Substituting (38), we obtain that, along the trajectory,
which is expression (16) of the particle four-velocity.
